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A stabilization law for two semi-infinite
Interacting strings of characters

A.A.Yambartsev! and A.A. Zamyatin?

Abstract. We consider aMarkov chain that describes the evolution of two interacting
strings of symbols. The transitions probalitities of this Markov chain depend only on
the rightmost symbols of both strings. The main goal of the present paper isto prove a
limit theorem (stabilization law): the distribution of the rightmost symbols convergesto
some limit correlation function.
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1 Introduction

Afinitestringisjust asequenceof symbolsfromafinitealphabet S = {1, 2, ..., r}.
We consider Markov chainswith the state space equal to the set of pairsof strings

(.f,)_/),.i:(.x:]_,... ’xn)a.)_;:(yl"" 7ym)

where x;, y; take values from the aphabet S. One-step transition consists in
substituting x,, with someword y and y,, with someword §. Each of  and § can
have 0, 1 or 2 symbols. One-step transition probabilities depend only on x,,, v,
yma 5

Some transience and ergodicity conditions for this Markov chain were given
in[6].

Notethat if » = 1 then this reduces to well-known theory of random walksin
Z2.Thecaser > 1ismuch more complicated.

We consider aso semi-infinite strings which are infinite sequences
o =...x,_1, X, With valuesin the same alphabet. Evolution of two interacting

Received 22 January 2003.
LPartially supported by FAPESP (2002/01501-9) and RFBR (02-01-00415)
2Partially supported by RFBR (02-01-00415)



362 A.A. YAMBARTSEV and A.A. ZAMYATIN

semi-infinite strings is defined similarly by the same transition probabilities as
for finite strings. This Markov process will be called induced chain. Thein-
duced chain is an uncountable Markov chain, and it describes the behavior of
our process far from the origin.

It is natural to introduce invariant measures for the induced chains, and with
invariant measures we associate drift vectors that give longtime behavior of the
process under consideration. The main problem is that the induced chain may
have continuum of invariant measures, so there may exist continuum of drift
vectors. We will say that an invariant measure, say with 2-dimensional drift
vector v = (v1, v2), hasthetype (o1, 02), iIf 01 = sign(vy), oo = sign(vy). It
was shown [6] that some induced chains may have invariant measures of various
types.

Themain goal of the present paper isto prove some limit theorems (stabiliza-
tion laws) for induced chains. Namely, let n; (¢) be the length (or coordinate of
the rightmost symbol) of i-th string at time ¢. Then, under an appropriate choice
of theinitial distribution, one can show the following:

e ast — oo, thedistribution of symbolsinside strings tendsto someinvari-
ant measure .

e aSt —> o0

n; (1)
il (),

where v; (1) are components of the drift vector corresponding to the in-

variant measure 1t.

To obtain the stabilization law we will suppose that for the induced chain all
invariant measures have the same type (—, +). In this case it is possible to
construct alocal Lyapunov function for the induced chain.

Some stabilization laws for one string were givenin [2, 3, 5], A stabilization
law for two strings, when there is the unique invariant measure of type (+, +),
was proved in [5].

The paper is organized as follows. In Section 2 we give definitions and for-
mulate the main result. There we prove also some auxiliary results. In Section 3
we prove the main result.

2 De€finitions and Results

Finitestrings. Fix afinite set (an alphabet) S = {1, 2, ...r}. A finitestring is
afinite sequence of symbolsfrom S:

o =X1X2...X,, X;€S.
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A STABILIZATION LAW FOR TWO SEMI-INFINITE INTERACTING STRINGS 363

We denote by |«| the length of the sequence «, and by ¢ the empty string of
length 0. Let A be the set of al finite strings, including the empty one. The
concatenation of two stringso = x1x2...x, and 8 = y1y»... y, isdefined by
aff = X1X2. .. Xpyym, WNEY€ X, 1 = Y1, ... , Xpgm = Yn-

Let A2 = A x A. Anelement « € A2 isapair of finite strings

a=(ag,a2), o €A.

The concatenation of two pairs of finite strings a = (a1, az) and 8 = (B1, B2)
isdefined by B = (a181, @2p2). For any pair « € A? denote by

la| = (loal, [eez2l)

the vector of lengths of strings a1, ax. We will write |a] < ¢ = (¢, ¢2), if
loi| < ¢ii = 1,2, wherecy, co € Z1.

Semi-infinite strings. A semi-infinite string is an infinite sequence
o =...y,_1y, of symbolsfrom the al phabet with a specified enumeration. The
set of all semi-infinitestringsisdenoted by A .. Theconcatenation py of asemi-
infinitestring p = ... y,_1y, € A and afinitestringy = x1x,...x, € Ais
defined by py = ... Y1V Vui1- - - Yuam> Where y, .o = x, k=1,...,m.

Let A2 = A, x A. The concatenation py of the pair of semi-infinite
strings p = (p1, p2) € A2 and the pair of finite strings y = (y1, y2) € A?is
givenby py = (p1y1, p22)-

Define now a discrete time homogeneous Markov chain £,, on the set A2..
Let&(r) = (£1(0), £2(2)) denote the state of thechain at timer. Fix somed € N,
and let d = (d,d). Assume that the transition probabilities P{¢é(t + 1) =
BlE(t) = a} # 0onlyif B = pb, @ = py, where p € A%, andy,0 € A2
such that |[y| = d, |#] < 2d. Assume aso that the transition probabilities
P{E(t+1) = pb|&(¢) = py} donot depend on p but only ony, 6. By definition,
we put

q(y,0) =P{E@+ 1) = pblE@t) = py}. (1)

Invariant measures. LetZ_ = {... — 2, —1,0}. By B, = S we denote
the infinite product space ]_[?:700 S;, where §; = S for al i, endowed with the
product topology. An element n € B, is a (left) semi-infinite sequence n =
...X_1xg, x; € S. Onecan consider asemi-infinitestringa = ... y,_1y, € A
asapair (n(a), n(x)), wheren(a) € Z isthe position of the right most symbol
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364 A.A. YAMBARTSEV and A.A. ZAMYATIN

of the string (or the position of the particle) and n(«) is an infinite sequence (the
environment on theleft of the particle), i.e. afunction n(«) : Z_ — S suchthat

n(a) =...x_1x9 € By Wherex; = y;,, n = n(a).

Let B2 = By, x Bo. Theprocess £(1) = (£1(1), £2(1)) can be represented as
E(t) = (n(t), n(t)), where

n(1) = (n1(t), n2(1)) = (n(E1()), n(E2(1)) € 22

isthe vector of the coordinates of the right most symbols at time ¢, and

n(t) = (), n2(t)) = ELD)), n(E(1))) € B2,

isthe state of the environment on theleft of the particle. Notethat the component
n(t) isMarkov chain also.

Let dy be any metric on S. Denote by P the set of all probability measures on
B2, with the weak topology. B, isacompact metric space, equipped with the
metric d(&, n) on Be:

0

dE m) =Y 2 Mdo(xi, yi),

i=—o00

So, P isacompact space in the weak topology.

For a € A, (Bs) We denote by [«], the rightmost substring of length », i.e.
[@], = y, where |y| = n, meansthat « = py for some p € A,,. With the
Markov chain £, we associate the following correlation functions:

Pi(v1p) = pi(v1, v2lp) = P{lE1(D)] )y = 11, [52(D)])y,) = ¥216(0) = p},

wherey € A2, and p € A2 istheinitial state of the chain. Note that

pi(vlp) = P{[ni(®)],1 = v1, 2O}y, = v2 | n(0) = n(p)}.

The definition of the correlation functions does not depend on #(0) and we will
assume that n(0) = (0, 0) unless otherwise stated, i.e. this definition depends
only on the component 7(¢), which is a Markov process on B2 ; and when we
say about distribution of £(¢) we mean the distribution of n(z). If theinitial state
of the chain has some distribution v € 2 we will write p,(y|v).

For each correlationfunctions p, (v |v) uniquely definethemeasure (1) € P,
where 1 (0) = v. We will say that w(¢) is the distribution of the chain £, at
time:.
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A STABILIZATION LAW FOR TWO SEMI-INFINITE INTERACTING STRINGS 365

Definition 1. Measure u € P is called invariant for the chain £, if w(0) = u
implies (¢) = u for all ¢.

Denote by ‘M the set of al invariant measures for chain £,,. Obviousy M
is a convex subset of P, closed in the weak topology. So M is compact, since
P iscompact. By Krein-Milman's theorem M isthe closed convex hull of M.,
where M, isthe set of all extreme points for M.

The following proposition from [6] is a simple consequence of compactness
of P.

Proposition 1. M is nonempty.

Let p,(y), y € A2, denote the correlation functions corresponding to measure
u € M. To each invariant measure . we associate the drift vector v(u)

v(p) = (vi(w), v2(w) = Y (101 = d)g (v, 0)pu(y), @)
y.0
where the summationisover al y, 6 suchthat |y| = d and |0] < 2d. With each
invariant measure p we associate also the vector of signs

sign(p) = (sign(vi(p)), sign(v2(u))),

wheresign(v; (1)) = {—, 0, +}. There are 9 of such vectors, and we will speak
about invariant measures of the corresponding type. An invariant measure
is called (o1, 02)-measure, or measure of type (o1, 02), if sign(n) = (o1, 02),
whereo; = {—, 0, +}.

The idea to implement invariant measures to characterise the large time be-
haviour of stringsis based on the following lemma.

Lemma 1. Suppose that we start with some invariant measure u € M,. Then

2l — v(p),

P, almost surely.

Proof. The proof is straightforward and follows from Birkhoff’s ergodic theo-
rem. O
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Invariant (—, +)- measure. In this paper we assume that all invariant mea-
sures have the same type (—, +). Introduce the following Lyapunov conditions:
there exist ¢ > 0 and abounded function k = k(p), 0 < k(p) < C such that for
al initial configurations p p = (p1, p2) € B2, n = (n1, ny) € Z2,
E(ni(k(p)) —n1(0) | £(0) = (n, p)) < —¢, ©)
E(na(k(p)) —n2(0) | §(0) = (n, p)) > ¢. 4
Thefollowing result was proved in [6].
Theorem 1. The following statements are equivalent:

(i) the set M consists only of invariant measures of type (—, +);

(ii) Lyapunov conditions (3) and (4) hold.
Stabilization law. Below wewill assumethat d = 1, i.e. thetransition proba-
bilitiesg (y1, y2; 01, 62) depend only on therightmost symbols, i.e. |y1] = |y2| =

land|6;| < 2. Assumeaso that theinitial distribution of the Markov chain & (¢)
has the form:

o=V X 8, 5)

wherev = ®;_5v; isthe Bernoulli measure, i.e. v; arei.i. distributionson S and
8,, isthe Dirac measure, which assigns the mass 1 to p, € Bo.

Theorem 2. Suppose that Lyapunov conditions (3) and (4) hold, and the initial
distribution o is given by (5). Then

(i) forall y = (y1, o) € A2
lim pi(ylno) = pu(y), (6)

where p, (y) are the correlation functions of some invariant measure . €
M. Moreover, the convergence in (6) is exponentially fast, i.e. there is
some x > 0, such that

Py lio) = pu()| < Cy)e ™, (7
for some C(y) depending on y.
(ii) Let v;(w) be given by (2). Then
n; (1)
t

—> v;(n) a.s. whent — oo, (8)

where v1() < 0, vo(u) > 0.
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A STABILIZATION LAW FOR TWO SEMI-INFINITE INTERACTING STRINGS 367

Formula for correlation functions of the invariant measure ©. We give a
formula for the correlation functions of the measure . Let us introduce the
following notation.

Define a strictly increasing sequence of random moments ™, by

™ =min{t : n1(t) = n1(0) —n}, 1@ =0 9)

It follows from Lyapunov condition (3) that P{t™ < oo} = 1for al n. Wewill
say that ™ isthe n-th renewal moment. It is evident that for all n the marginal
distribution of thefirst string at themoment =™ coincideswith Bernoulli measure
v, and that 1@ (™) = u®(0).

Let B, B1, B2 € A\ {4} and

Bg = {peBs: [plp =B},
B.p = Bp, X Bg,
{p = (p1, p2) € BL : [p1lipy) = B1» [p2)ip = B2}

Consider the following events:

Glt; B1 = {ma(t) € Bg,na(t) =n(0) + B - 1
and for all k € (0, r] no(k) > no(0)},
Fit;n] = {t% <, "V >randforanyk <n
there exists s, € (t®, 1] such that no(sy) < na(z®)}.

For al finite strings 8, B1, B2 € A\ {#} and for al symbols b € S define the
guantities:

v(B.1) = Y P{r"™ =1,12(t) € By | o), (10)
n=1

t
w(b; B1. 2. ) = Y _P{m(t) € By, Glt: B2l Flt;n] | v x 8,5} (11)
n=1

By definition v(B, t) depends on the initial distribution o = v x §,,, but
w(b; B1, B2, t) depends only on v and b. For sake of simplicity we will not
indicate this dependence.

We will show in Section 3.1 (Lemma4 and Corollary 1) that for all nonempty
words 8 € A there exists a positive limit

lim v(B, 1) = v(B).
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and

o0
w(b, v, y2)=y_ > wb; y1, ays 1) < o0,

t=1 aeA
o0
Db, y1, y2) =) w(b; y1, y2, 1) < 00
t=1
Then the following representation for the correlation functions holds.
Theorem 3. The correlation functions of the invariant measure u are given by

puy) =Y vBwbi vy +y . Y. v Bk v, v"). (12)

bes beS 'y e A\W):

2=yvy
3 Proofs
3.1 Proofsof Theorem 2 and Theorem 3
The proof of main resultsis based on the following lemmas.
Lemma 2. Let ug be the initial distribution given by (5) and let us fix y =
(y1, y2) € A2 Then

plne) = D Y wb.t) Y wbi i, Bya. to) (13)

beS t1+to=t BeA

+)0 Y wbwwbiyy )+,

beS t1+ir=t y’,y”ejjq\/{/yj};
V2=y'v

where
t
r(y.1) = Y P{n(t) € B, and Ft; n] | 0}
n=0

We will prove thislemmain Section 3.2.
Fix some nonempty finite word 8. Let

Ty = min{t™ such that no(t™) € By (14)
andforal ¢t > 1™ ny(t) > na(z ™)),

We will say that 7 isa g - renewal moment.
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A STABILIZATION LAW FOR TWO SEMI-INFINITE INTERACTING STRINGS 369

Lemma 3. There exist constants C, §, such that
P{Ts >1]8,} < Ce™, (15)

for every initial state p = (p1, 02).
We will proveit in Section 3.3.
Corollary 1. There exist constants C1, 8; such that
r(y,t) < Cre %,
w(b; p1, P2, 1) < Cre™,

forall y = (y1, v2), vi,. B € A\ {0}, b e S.
The corollary immediately follows from the evident inequalities

r(y,t) < P{minT, > t},
beS

w(b; B, B2, t) < P{mIinT, > t}.
beS

Note that the constants in the corollary do not depend on y;, 8; and b.
Lemma 4. Suppose that o = v x §,, be the initial distribution (see (5)) and
v(B, t) is given by (10). Then for all nonempty finite 8 € A there exists

tlim v(B,t) = v(B) > 0,

where v(8) does not depend on p,. Moreover, the convergence is exponentially
fast:
[v(B, 1) —v(B)| < Cpe™™,

for some §, Cg > 0.

We will prove Lemma4 in Section 3.4.
For al y1, y» € A\ {#} and b € S introduce

o
wb, v, v) = Y > wb; yi, ayz, 1),

t=1 aeA

o
B(b, y1,v2) = Y _ w(bs y1, 2. 1).
t=1
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Thanks to Corollary 1 the above series are convergent. Hence, Lemma 4 gives
that

lim pi(yluo) = ) v@wb.yiyd+) Y v@'DBG. vy

beS beS y/,y”e_%\/{,@}:

V2=yY'y

and the convergence of correlation functions is exponentially fast. This proves
Theorem 2 and Theorem 3. O

3.2 Proof of Lemma?2

Let usfix some p = (p1, p2) € B2 and consider the following set of trajectories
of the process £L.:

Q,(t) ={I' = gog1-.-& : & =1(0,0), pl},

where g = [n(k), n(k)] = [(n1(k), n2(k)), (n1(k), n2(k))] is the state of the
process at the moment k, and |I"| isthe length of tragjectory T, |I'| = ¢ + 1. Let
us fix some pair of finite words y = (y1, y2) € A2. Define subset ,(y,t) C
Q,(1) :

Q,(y.1) ={T € Q,(1) : n(t) € BZ}.

The correlation functions p;(y|8,) can be given by the formula
P18y = Y 1T, (16)
FeQ,(y.1)
where 7(T") isthe weight of the trgjectory T":
t
1) = [ [Plaia — &t
i=1

Fix asymbol b € S. With each trgjectory I' € Q,(y, t) one can associate a
sequence of moments 7; (", b), i =1, ..., n(T", b) such that

() fordl k < T; ny(k) > ny(T;), i.e. T; isarenewa moment; if n1(0) —
n1(T;) = n, thenwewill write T, = t™;

(i) n2(T;) € By;
(iii) for al k € (T3, t] na(k) > na(Th).
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A STABILIZATION LAW FOR TWO SEMI-INFINITE INTERACTING STRINGS 371
If for afixed I' it is not possible to define T; satisfied (i) — (iii) then we put
n(l,b) =1land T1(I', b) = 0. Inany case 0 < T;(I', b) < ¢. Let

o) = e, e (18 )

Divide the set ©2,(y, ¢) into two nonintersecting subsets
Q.0 =y )| 2. 1)
where

Qi (y,0) = {T: o) #0},
Q(y,n) = {[': o) =0},

and split sum (16) in the following way

Yooam= Y am+ Y 1. (17)

reQ,(y.n reQl(y.n reQ(y,n
Then we have
pi(¥ o) —/ pi(v18,)dpo(p) (18)
f S 1C)dpo(p) + / S 1C)dpo(p).
B reQl(y,n B TeQ2(y,n

The set Q%(y, t) consists of tragjectories for which event F[¢, n] occursfor some
n > 0. It follows from the fact that

Y AT) =) Pl e B, Flt;nl | 5,),
reQ2(y,1) n=0
that
Y. 1M)duo(p) =r(y, ).
B2

®© IeQZ(y,1)

Consider the first sum in the right-hand side of (17). We divide the set of tra-
jectories Q1 (y, 1) into two nonintersecting subsets Q3*(y, 1) and Q32(y, 1),
where

Q.0 = (TeQy,n: nao () < nat) — yal},
QA1) = (T eQ(y.0): nao () > nalt) — |yal}.
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The sum of weights of al trajectoriesfrom Q%l(y, t) can berewritten asfollows

Y m-Y Y Y Y am. (19

FGQ%’l()/,I) beS t1+to=t n=1 F:C'(F)(:)Tn(l",h)
=t =y
and
>, 1D (20)

[io(D)=T,r,pn=t"=n
2
- Z Z Z Z 1(rH2(r?).
Mert(pily,b,t1) m=1BEAT2eI2(b,[0, p1lm; y1.BY2.12)
HereI'Y([p1],, B, t) isthe set of trajectories T with length |T'| = 7 + 1 such that
(i) 7(0) = (p1, p2), n(0) = (0, 0);

(ii) foral k <tni(k) > ni(t) = —n,ie. ™ =1;
(iii) n2(t) € Bg;

the set T2(b, [p1l; a1, a2, t) consists of trajectories I” with length || = ¢ + 1
such that

(1) 71(0) = p1,1n2(0) € B, and n(0) = (0, 0);
(i) foral k € (0, ] na(k) > 0, n(t) € B2 andna(t) = |ao| — 1, i.e. the

(ar1,002)

event G[t; a2] N (n1(r) € B,,) OCCUrs;
(iv) theevent F[t; n] occursfor somen < m.

Note that the sum of weights over all trajectories from T'*([p1],, B, t) does not
depend on 6, p;. Let
L(pa. B )= Y 1) (21)
rert(pala,B.1)
Note aso, that for any p, such that 7,(0) = p,b the sum of al weights over
trajectories from I'2(b, [p1],; a1, 2, t) does not depend on p, and 6, p1. Let

(b, [paln; 01, 0z, 1) = > . (22)

Tel2(b,[p1ln;0n,02,1)
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Together with v(B, 1) and w(b; ay, ap, t) for al p = (p1, p2) € B2, we define
Vo (B, 1), Wy (b5 an, ap, 1) -

V(B 1) = D P{t™ =1,m2t) € By | 8,),
n=1

wpl(b; :317 :827 t) = Z P{Tll(t) € Bﬁl’ G[t; ﬁZ]’ F[t; I’l] | a(pl,pzb)}-
n=1

Using formulas (21) and (22) we can represent v, (8, ¢) and w,, (b; a1, ap, 1) in
the following way:

(B, 1) = Y Ii(lpala, B, 1), (23)
n=1

Wy, (b; g, an,t) = le(b, [o1ln; a1, a2, 1). (24)
n=1

So, we have

v(B.1) = / 0, (B. )dv(p1)
Boo

= Z Z pv(@)1(a, B, 1) (25)

n=1acA:|la|=n

w(b; ag, az, 1) 2/ W, (b; ay, az, H)dv(p1)
Boo

= > Y pu@bb, ooy az. 1) (26)

n=1 acA:|a|=n

Integrating the first term in the right-hand side of (17) over initial measure o
we get

> 1(M)duo(p) (27)
B2

© TeQl(y,n

=X awawr+ [ Y aMdue.
B% 11 B% 12
reQ; (y.1) FeQy (y,0
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Consider the first term in the right-hand side of the above formula. By formulas
(20), (23), (24) wefind

[T aauto) - /B S dv(p)
* retly,n ® re@bty.n

/’B Z Z le( P1ln, b, t1) X

® peS§ t1+to=t n=1

X Z Z IZ(b [‘911101 ms V1» IBVZv IZ)dU(IOl)

m=1BeA

Using formulas (25), (26) we get

/ Y 1due) =Y Y v Y wibi v By,

FGQ (y.1) beS t1t+t2=t BeA

Theright-hand side of the above display isequal to thefirst termin formula(13).
Rewritting in the same way (see (19) and (20)) the sum of weigth of al trgjec-
toriesfrom Q12(y, 1) we have

> () (29)

o (F)=Tn(l“,b)=f(n):[1

- ¥ 3 3 > arhir?

vhyeAD b TLeM ([ p1ln,ybi11) M=1T2€02(b, [0, p1lm: v,y 12)
ra=y'v"

Using formulas (28), (23), (24) (25), (26), we find

> 1Mdpuo(p)
o Fte'z(y 1)

=2 2. D vb.wbiyprata).

beS t1+r=t y/ y"cA\W
yo= V’y”

The right-hand side of the above display is equal to the second term in formula
(13). Thelemmais proved. g
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3.3 Proof of Lemma3
LetP, ,{-} :=P{- | n(0) = p, n(0) =n}. If n(0) = (0, 0), wewill write P ,{-}.
Proposition 2. There exists ¢ € (0, 1) such that

Pupfforalt > 0,ny(t) > n(0)} > ¢ > 0, (29

forall p € B2, n € 22
Proof. In order to prove the proposition it is enough to show that there exist
N,e > Osuchthat forany p € B2 ,n € Z?

P, p{forall t > 0,na(t) > na(0) — N} > ¢ > 0. (30)

This probability does not depend on » and without loss of generality we can
assume that 71(0) = n,(0) = 0.

It follows from Lyapunov conditions (3), (4) that there exist posititive §, C
such that for any p

P {n1(t) = 0} < Ce™, (31)
P,{na(t) <0} < Ce™. (32)
Let N
Bm = m{HZ(t) > 0}
Then
Po{Bn} = 1—P,{|J{na(t) <01} > 1= ) "P,{ny(1) < 0}
and by (32)

D P, ina(t) <0} < Cre™™".

t=m

for some constant C; > 0. Hence, there exist y, mg, such that for any m > mq
Po{Bu} >y >0. (33)

Thus, we obtain (30). Proposition 2 is proved. O
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Now we construct an infinite sequence of nonintersecting A; C 2, where 2,
isthe set of dl trgjectories of £, provided that it starts at point p. We do it by
induction. Let

t5) ;== min{t > 0: (thereexistsn : ™ =1) N (n2(t) € Bp)}.

Put
Ay ={weQ,: fordlr > tél) no(t) > nz(t;jl))}.
With each trgjectory w € 2, \ A1 we associate the moments

t1(w) := min{t > 0: ny(t + tf(}l)) < nz(tél))},
12 (@) = min{t > 0: (foralk <’ +1+1

na(k) > na(ty? + 11+ 0) N (205" + 11+ 1) € Bp)).
Using these moments we define

Api={weQ,\ Ay foralt >t + 1 +15)
&) @),

no(t) > nz(t/s + 11+ 15
and so on. Suppose now that we have constructed the subsets
A1, Ay, ... A,
Foral w € Q, \ (U'_;A;) put by definition

ty(w) := min{t > 0:
na(t + 157 + -+ 187y < ma(eS? + -+ i)},
1 (@) = min{t > 0: foralk <o’ +n 4+ +1
ni(k) > na(ts” + 1410 + 1, + 1),

and na(ts” + 114 - + 157 + 1, +1) € B},

andintroduce A, 11 C 2, \ (U'_;A;) asfollows

An+1 = {a) € Qp \ (U;’=1Ai) such that
D (n+1)

forals > 1, +tl+"'+t,§”)+t,,+tﬁ
na(t) > ot 4ty 4+ 10 + 1, + 10D
It follows from the above construction that for all w € A,
Tp(@) =10 411+ 12 4o 10 1, 10D
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where Tj is g-renewal moment. By (29) we have
P{A,} < (1—e&)" %

In order to prove the exponential estimation for 8 - renewa moment we need the
following proposition.

Proposition 3. There exist positive C, § such that

P.plty >t} < Ce™, (34)
P,,,p{t;jl) >t} < Ce™, (35)

where constants C, § do not depend on p and n.

Proof. Inequality (34) followsfrom (32). To prove (35) it is sufficient to show
that for A small enough

E, (") < c(V), (36)
wherec(d) - lasi — 0. Let
M, = {foradli < nn(t?) ¢ Bg, n2(z™) € Bg).

Forw € M, 15 (w) = 1 (w) and we have

E, M = Z Ep(em’(sl) In,) = Z E, (™" In,). (37)
n=1 n=1

We need to prove the convergence of the above series. Note that thereise > 0
such that for any n,
Po{n2(z™) € By} > e,

uniformly in p € B2 . Hence,

Py{M,} < 1—e)" . (38)
It follows from (31) that

P{t® > 1} < Ce™,

so, for A small enough
E, ™ <),
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whereci1(A) — 1, asi — 0. By (38) we have that for someg € (0,1), A >0
E, e’”(l)IM1 <q, E, e’”(l)lﬁ1 <q.

Let p, = n(z,). Then one can write

(i) _gG

() n( -1
E, (""" Iyy,) = E, (" Xixa 'In,)
-1

(n) _(n=1) n @) _,(-1)
=E,(E, (""" VL0, | 1))
<q Ep(e)‘ Z;—l:_ll(r(")—t("’l))IMn)’
which yieldsimmediately

o)

Ep(e’\ In,) <q".

S0, series (37) isconvergent for sufficiently small A . Proposition 3isproved. [
Corollary 2. For any i
Po{t: > 1} < Ce™ and P{ry’ > 1} < Ce™™.

To complete the proof of the lemma we need the following fact.

Proposition 4. There exists A > 0 such that
E, M < (2, (39)

where the function c,(A) does not depend on p.

Proof. Define
(1) = max{t™ 1™ <},
b(t) = ni(t) —ni(z(@))
and let ¢ (p, ) = E, "7, This exponential moment can be represented as

]

E, e’ =) (E, e 14,).
n=1
Consider functions ¢, (p, A) = E,(¢*™#1,4,). Note that
¢n(p7 O) = Pp{An} < (1 - S)nila
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where ¢ is from Proposition 2. It is sufficient to prove that there exist ¢ €
(0,1), Ao > O such that for any positive A < g

$u(p. 2) < q" e, (40)
uniformly in p € B2,. Suppose that theinitial stateis p’ = (p1, p28). In this
caser” = 0. Let usestimate ¢(o’, 1). Note that

/ YRRy

d2(p", L) < Ey(e b Ig\aq)-

We have

(2
At1+At
E, (e s Ig\ay)

=YY > Pt =51, n(s1) = p. bs1) = n., 1 = s3)

s1,82 pn

= Z Z Zekﬁl pr{l‘l =51, n(s1) = p, b(s1) = n}

s1,82 p n

2
X ™2 Pp/{t/g) =52 | 11 = 51, 1(s1) = p, b(s1) = n}

= Z Z Zexsl Pp/{ll =51, n(s1) = p, b(s1) = n}
s1 P n

x Y e Pt = 55| (s1) = p. b(sy) = n},

52

where

Y Pt = 55| n(s1) = p, b(s) = n} < fW)c(h).

52

Herec1(X), c(i) are from the proof of Proposition 3. Thus,

Ep/ ( emﬂzg) IQ\Al) (41)
<Y > Pyl =s.b(s) = n)ci (We).

By Cauchy-Schwartz inequality

P, (ty = s5,b(s) = n} < \/P,,/{tl — 5}P, (b(s) = n}. (42)
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By Proposition 3 we have
P, {b(t1) > n} < Py{ty > n} < C™". (43)

Combining (42) and (43) with Proposition 3, we get that there exists A > 0 such
that series (41) converges. Since

sup [2(p’, A) — ¢2(p’, 0)| — 0, when 1 — O,
,0/

there exist Ag and g € (0, 1) such that
Ep/ (e)LoT[j IQ\Al) <({q. (44)
Now we can estimate ¢,, (o, A). Indeed,

$n(p. 1) < Ep(e Mg 1y,

(1

Let p, = n(t§” + 11+ -+ ary”). Forany A < Ao we have

@ )
AT, _ Mg Httteg”)
Ep(e™ I\ n-14,) = Ep(e™ P g y1y,)
=1 =144
@ )
_ Aty Htit+tg )
= Ep(Ep(e £ £ IQ\U?;llAi | ;On—l))

(0] (n—1) (n)
_ Mg +ittg ) Mn—1+A
= Ep(e b p IQ\U?;llAi Ep (e™ B | pn—l))

& (-1
Mg+t Y)
<qE,(e™" g o\uria;)

@ (-1
Mg ety
<qE (™" b IQ\U;,:—le[_)

which yieldsimmediately

1) (36)

Ep(e”f’ IQ\U(t_—iLAi) <qg" ! E, Mo < g" le(h).

So, the formula (40) holds. The Proposition 4 is proved. g

3.4 Proof of Lemma4
Define an increasing sequence of random moments:

r/gl) = min{z® : n(z®) € By},
r/é") = min{t® > r/é"_l) : m2(z®) € By}
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Let 7(0) = (0, 0) and

(n) (n+1)

Fglt;n]l = {rg° <t 74 =tandforany k <n

there exists sy € (™, #] such that na(sy) < na(z™)}.

Consider the following probability:

fp(t) = ZP{Fﬁ[t; n]landfor al k € (0, t] no(k) > n2(0) | v x 8,8}
n=0

Proposition 5. For all 8 € A \ {#}

v(B, 1) = Y v(B, 1) fy(ta) +r (B, 1), (45)
n+tr=t
where
r(B, 1) =Y P{Fslt; n] | o). (46)
n=0

Proof. Letp € B2 andlet T,(B, t) bethefollowing set of trajectories.

Y,(B,1) = {I' = gog1...& suchthat n(0) = p, n2(t) € Bg
andnq(r) < nq(k) foral k < t}.

vty =Y 1) (47)

reY,(B.1)
Forany I' € Y, (B, t) define the moment o (I") asthe maximal time 7" such that:
(i) foral k < T ny(k) > ni(T);
(i) foral k € (T, t]1 na(k) > no(T);

(iii) 12(T) € Bp.
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If thereisno T with the above properties put o (I') = 0. Split the sum (47)

dYooam+ Y 1), (48)

rerip.t) TeY2(B,1)
where
Tr(B,1)=1{T: o(I) #0}and Y3(8,1) = {I': o(I') = 0}.

Consider the second sumin (48). The set Tﬁ(ﬂ, t) consists of al trgjectoriesfor
which event Fg[t; n], n > 0 occurs. So we have

Y. 1) =) P{Flrnl | 8,).

reY2(B.1) n=0
and, by integrating over initia distribution o, we cometo

= [ 3 1o (49)

FeY2(B.1)

Remark 1. It follows from the definition of 7 (see (14)) that

r(B,1) < P{Tg =1 | po}.
By Lemma3r (B, t) convergesto zerofor all nonempty finitewords g ast — oo.

Denote by T, ([p1ln. B. 1), p = (p1. p2) € BZ, B € A,n € N the set of all
trajectories satisfying the following properties:

(i) n(0) = (p1, p2B);

(i) n1(t) = 0,1, n2(t) € Bpg;
(iii) ni(k) > ny() foradl k < t;
(iv) na(k) > no(0) foral k € (0, t];

(v) fordlt <, forwhich (ii), (iii) hold, thereexistsk’ suchthat #' + k' < ¢
and no(t' + k') < no(¢); inanother words, at the moment ¢’ + k' theword
B is destroyed.
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Note that the sum of weights over trgjectories from the set I, ([p11,, B, t), does

not depend on p,. Let
fiops = Y, 1D

rely([p1ln.B.1)

and

Forp @ =" fion, 80

n=1
Then one can write

fﬁ(t)=/ Jorp(0)dv(p1).
Beo

For the first sum in (48) we have
t 151

Yooam=) Y 1(T)

reYi(p.n 11=1 n=1 T ()=tM=r

=33 Y A fams

ti+i2=t n=1 TeY,(B,11):
n1(0)—n1(t)=n

= > Fe(pale. 1) foon5(t2)

t1+to=t n=1
where
L(pd )= ) 4D

reY,(8.1):
n1(0)—ni(t1)=n

(50)

(51)

(52)

(53)

Using formulas (48), (49), (53) and integrating over initial distribution 1o, we

get

v(B, 1) = / Y 1(M)dpo(p) = f Y 1(M)dv(p)
BZ B

% reY,(B.) % TeY, (B.t)

= /B Z ZIT([,Ol]n,fl)fe,,pl,ﬁ(fz)dv(ﬁl)+V(,3,f)

0 f1+tr=t n=1

= > Y > p@r(an) / Sonpr.p(12)dV (0, p1)
Boo

n+tr=t n=1 o:|la|=n

+rB. )= > v(B. 1) fst) +r(B.1).

n+tr=t
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This completes the proof of (45). O

Proposition 6. For any 8 € A \ {4}
> S =1.
=1

Proof. Consider measures u such that

w{p = (p1, p2) : p2 € Bg} = 1. (54

Denote
p(u®, B) = Piforall 7, na(t) > ny(0) | . (55)

It is obvious that this probability depends only on the marginal measure ;¥ of
the first string and on the fixed rightmost finite word 8 which belongs to the
second string. For u® = §,,, p1 € B, we will write p(py, B) instead of
p(u®, B). Under condition (54) we have

p(u®, p) = /

B
Let 7(0) = (p1, p2B), p = (p1, p2) € B, and
A(p1, p2B) = {fordl t na(t) > n2(0)}.

Now we define function o (I") on the set A(p1, p28). For any trgjectory I' =
gog1---8& - € A(p1, p2B) put o (I') be equal to the minimal moment 7' satis-
fying the conditions:

, p(p1, Bdu(p).

(i) foralt > T no(t) > nao(T);
(i) forals < T ni(t) > ny(T);
(iii) n2(T) € Bg.

If for afixed trgjectory I' it isnot possible to define the moment 7 satisfied (i) —
(ii) then we put o (I') = 0. Divide the set A(p1, p28) into two nonintersecting
sets:

A(p1, p2B) = A1(p1, p2B) U Az(p1, p2B),

where
A1(p1, p2B) ={I' : o(') # 0},
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Az(p1, p2B) ={I' : (') = 0}
Now we will provethat forany g € A \ {#}
P{I': T € A2(p1, p2B)} = 0. (56)
Indeed, we have

P{I' : T € Ax(p1, p2B)}

< lim E P{ry” <1, 7y""Y > randforany k <n
11— 00 0
n=

thereexists s, € (¢, 1] such that na(sy) < na(r®)}
= M P{Ts 2 1 [ 851,28}

Thus, (56) follows from Lemma 3.
Consider now the set A;(p1, p28). By definition of o () we get

P{A(p1, p28)} = P{A1(p1, 028)}
_ P(r) = f P@r).  (57)
; /;‘: o (M=t ; ; o(M)=tM=¢

Let theinitial measurebe u = v x §,,5. Consider the probability of the event
{foral ¢, na(t) > n,(0)} provided that the initial measureis . Using (57) we
come to

P, ) = / P{Ax(p1. p28)}dv(p1)
Boo

- ZZ/ Sio11.8 @) p(Bn o1, B)dv(p1)

t=1 n=1

= ZZ Z pv(a)faﬂ(t)/ p6np1, B)dv(6,01)

t=1 n=1 a:|a|=n

pv, ﬂ)ZZ D pol@) fupt) = Zfﬂ(r)p(v B).

t=1 n=1 a:|la|=n

Here the last equality holds because

fp () =/ fpl,ﬁ(t)dV(pl)=/ Y fiounp(dv(p1)

© pn=1

Z / Fs @00 =3 3 pr@) fup®).

n=1 a:|a|=n
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Hence,

P, B) =" fr()p(, B).

=1
Proposition 6 is proved. O

Proposition 7. Let condition (54) hold for the initial measure . Then

Jp(@) < P{Tg =1 | pu}.

Proof. Let
C, = {thereexists g < r such that n,(tg) < n,(0)}.

Then

fp@) < PiTp>1, C | )
< P{Tg>1t, C|u}+P{Tg>1t, C | n}y=P{Tg >t ]| puj.
The proposition is proved. g
By Propositions 6, 7 and Lemma 3

o0

th,g(t) < oo.

t=1

Notethat equation (45) isarenewal equation. By the renewal theorem weobtain
that there exists the limit

tlirpov(ﬂ, 1) =v(B) (58)
and, moreover,
_ Ymar(B.n)
R ST

Since we have exponential estimates for fz(t) and r (B, t), standard arguments
(see, for example, Chapter 7 of [1]) show that the convergence in (58) is expo-
nentially fast.

Proposition 8. Let g = v x §,,, where p, € By,. Then

P, B r(B =1, (59)

t=1

for any p,, where p(v, B) is defined by (55).
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Proof. Let theinitial distributionbe §,, p = (p1, p2). The distribution of the
B-renewal moment 7 can be represented as follows

PATy=1y=) " > 1(C)p@aps. B).

n=1 " TerZp.):
n1(0)—ni(t)=n

Let
L(pdn B.)= Y 1(D).

rev?(g.0:
n1(0)—ni(t)=n

Integrating over v, we get

P{Ts =1 no} = f Pp{Tﬁ(l) _ t}dv(p(l))

o0

=Y [ s B 0p @ (o)
n=1" Boo

‘ (60)
=Y Y po@ha B, 1) fB p©p®, BYdv(6,p™)

n=1 a:|la|=n
=2 2. n@h@B.0pw.p).
n=1 a:|a|=n

Since

rB.1) = /B S Y 1mdvien

®n=1 reY2(8.1):
n1(0)—ny(t)=n

=Y > b8,

n=1 a:la|=n

the sum (60) can be rewritten as

Y3 p@ e, B.Opm. B) = r(B.)p(v. B).

n=1 a:|a|=n

P{Tg =1 | no} = p(v, )r (B, 1). (61)
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Since

]
D Pl =1]luo)=1
t=1

using formula (61), we come to (59).

Coroallary 3. v(8) does not depend on the state of the second string at the initial
moment.

The Lemma4 is proved. g

Aswe noted before Theorems 2, 3 follows from Lemmas 2 — 4.
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